











































































































Gt 4 Actions of fd.tn tags and smash product

0 abstract

Gig 皉
H A

i
classical question Integrityof A over AH

z

finite generation of AH
了
Anmodule structure ofA

NoteCptf When A EA is a Galoisextension

skewgroupring At a
和⽐答 A H

relationship between A and A H

l somebackground

Group ring
let R be a unital ring and G a group Denote

RG Sf G sR l f is of finitesupport.ie Sxifcx1toIco3
Then thegroup ring RG is a free 不module and a ring via

addition ftg M fixityCX
module df M x fm

BI
multiplication fg ⽐1⼆点 fm9⼼

Note ft g is welldefined since f is offinite support了2
9Xa laGG t bEG Xalb fab了 is a basisof RG and

Xaㄨb Xab Since ht XbM⼆点2xfan'S0 fabx
3
when R is commutative RG is a group algebra

Skewgroup ring analogous t semidirectproductof groups
let R be a ringandG a finitegroup let 4 G Ant R be a group

homomorphism thestewgroup ring of G Wer R inducedby Y is thering














































































































p g p g J y e ng

of formal sums RXeG ⼆9点Gg g E RI via
addition 忘 gy ⼗点bgg ⼆点gtbgg
product ag.bh ayc.gsgh

Note let 4 a ⼆款 then ReG⽇RG is a groupring

freeproduct
G H Sghi g.hr rE24 giEGhiEH3
integral

Let B be a commutativering and A a subringof B Anelement bEB is

integral over A ifzmonicpolynoimdfEAEXJ.st.fi bit If everyelement

f B is integral over A then we saythat B is integral over A or

equivalently B is an integral extension ofA

Cpt4 1 Modlwmodalgs.snash product
1definitions

An algebra lA.mu is a left Hmodule algebra if
A is a left Itmodule via r HaASA hxarsh.cn

21
m and u are H
modulemorphismsi.e.h.la

b ChiaChia h.IAEElhl IA.lthEH.a.bEA.at稝 start
diagram HaHaA的 HoAPA tinHOA Hk HOK去 u

此晒者 l U EYror us a
4⽇Al 巡妙 A A A end A

Dually an algebra A.mu is a right ttwmoue algebra if
A is a right HwmodulewapiA A.lt
m and u are H
wmodulemorphismsi.ecabbaabh

a.baabi put⺱1 ka.DEA














































































































有加加H m
diagram ADABHOH A A Has A Hand

x
FADEDIn l T p0加

ADH㹨㹞 A A 1⼦
start m

Remark When H is f.cl A is a leftHmodule A is a right tomodule
1

Note M is a right C wmod.de M is a left ctwwduleuiadm mo.cm

M is a left Amodule M is a rightAEWmodule via mtcaimo

amz.fin MDV f ltxM M it M V M

to m Ht fan

movnszhim.inHid dual also retainsthe commentatingof diagrams
let A be a left Hmodule algebra Then the smash product algebra
A H is defined us follows for all a b EA h上EH
A HEADHaslktetorspace.cn
a h b 12 aMib hki

Me A A 1 E A Hand H 1 HEA H Since a 1 b 1 ab 1 and

1 h 1㓝 1 h 11 hz.ge Elhihzg Hhg.ThusAandHareswbdgsfAHI
Since a 1 1 h a h we abbreviate a h byah Inthismtatim.ha lh.ath

2 examples

N Let A be atrivial Hmodules then A H ⼆ADH as algebras

pfahllbkFGlhibhk abtlh.hnk abhk

let HeKG and let A be an Hmodule algebra then gab gangb UgEG

andthusguts as an endmorphismofA In fact lo gEGCHI guts

Is an automorphismof A Thus we have a group morphism GtAnteA

Conversely anysuchmap make A into a KGmodule algebra
linearly muddy

Note G A KG A

In this case A kG A G the skewgroup ring lagbh acg.tngh














































































































g p ng g
1

Mei Hence is a generalizationof semiproduct KG KL⼆灿⼼
z KL KG⼆K LXG
semiproduct ⼼只 以 721 X炒y721

let 1⼗⼆KG butnow let A be a KG.comodule algebra Then A魂少
is a gradedvectorspace where AgesGEA panty了 Thus

pcgbn gag bn h gbnagh.iegbb E Agn HenceA is a gradedalgebra

Note H lKGsmoddg skewgruupringwmoddg.segradedalg
2
When IGKo A is GgradedelkGwmod.ge A is a KCmodalg
Moreprecisely f q qgih Sgnanii.es所 act as projections

In this case themultiplication in A KGT is given by

a Mlb M⼆点 Glib Hi abgn hi Eh night
wherebgnt is theprojection of b to Agn
i
UH consider XEP HI theprimitiveelements and let A be an H

moduledg.SinceocxlxaltlDX.x.cab x.atb talk b i.e x acts as a Kderivation

ofA and wehave a lie morphism PCH DanAl

Ncte GLC is a setwhile GB is agroup Similarly PCB is a liealgebra

pfg.hnEGLB g.hnEGLB
z

ghE PlB let Gh ghhg.tn coUgh7 GDPl t IDGh henceGDGPB
z
Moregenerally XEB.nltl sxtab CX.a1cgb1tlha1Cxb where g.hn

act as automorphism YA Wesaythat x acts as a g.liderivationofA
it is also called a skew derivation

Note Xt GCH x acts as automorphism If A cagebrain
XEPHl x acts as derivation

3
When H 019 the action of g determines UM Inthis case A H is

sometimes calledthe differential polynomial ring In particular whengzkx
X cuts as derivation S f A then AttUg A Exit了 theusual
























































































1
Ore extension in which 加⼆ lxiam.tn Salt ax

4
A special caseof this construction is thefirstWeylalgebra A
let A KG and S⼆号 then At kmExis 11 X.yixy.in 17

Note R is a ring notnecessarily commutative了 6 R 及 is a ringmorphism

and S Rt R is a aderivationof R.ie Sir nln amfcmtslr.in
Then theOreextensionREX as了 also called a skewpolynomialring
obtainbygiven Rex themultiplication Xr anX t fer

z

If S 0 then theOreextension is dented Raid 4什么作⽤
3
If EIR thentheOreextension is dentedREXSJand is called a

differential polynomial ring
I
H is itself an Hmodudealgebra for both the leftandright adjoint
actions adeandadr are examples of inner actionsz

For either adjoint aetim.lt HZHDH thoughtheactionmay be

non trivial Gt 3.3

pfh ktnksh h xy hxyshz h.XShz.byShy h X 4 3
h 1 hishz.EE以1
1

Note de G InnG grphomomorphism de Lt DerL he homomorphism

z
H is mt an Hmodudealgebra via leftaction

3
Similarly H is an Hwmodule algebra via toadjoint action

A is a right tomodule it is a left HmouePHmodag.Gt9tl H EudkH HclH M HMH

H H is called the Heisenberg double

FCCHINcteiAbimodale.es A A印 left module
H Uqlslzl.A CEX7 H.muday in a unique way



Gt 4.2 integral

Abstract Generalize thewellknown fact IGKo Awmm.PH A N

1 Integral wer An
Mainthm

Let It be fd.cocomm and let A be a comm Hmodwk algebra
Then A is integral over AH

Let ME A HMS.t.ME A as left Amodules and let f.ms
nbeanAHmodulemap.ThenXf thecharacteristic polynomial off

in End ⼼ has coefficients in A
1

pf Wefirstconsider the case when mi Thus we maywrite M Am amoEM

Then fcmok.am for some aEA.km bmoEA.fm flbm bflm1

bam abm am i.e.fm am t mEM Thus fanIM.az atf
z
We claimthat a EAH i.e h.cn Echla

Now EhEH mEM alhmkfc.hn hfcml ha_mlhiahih.tn
Butthen ch.alm lhiaianz.im

⼆ hiashsh zlhiajhzm ahm

ahshz.ru

⼆ Elhlam

Using memo and thefreeness of M we see h.cn⼆Elba

for all h EH Thus aGAH proving the case n 1

Since M is a left A Hmodule and A is commutative
TM is also a left A Hmodule lhcmon h.mxhn
let I be the Asubmodule of TM generated by symmetric
tensors SmomlmEM Since It is cocommutative it stabilizes

II and thus I is an A Hmodule Hence N NM TNI



1
is a quotient A Hmodule

fTM.fiu MinducestheA HmodwlemapNf N N with

the same determinant as f and N is freeof rank1 as an Amod

Wemay thus apply the n 1 case to seethat detNf detf EA
4
Let t be an ideterminante Then AID and ME become A H

modsgletingHacttnwiwl.lyout and fextends to an A Hmep
T MED 7 ME But now t.id.fi s an A 以map and
thus detftid fkxfctJEAT.tl ⼆⽉呡了 by the above arguments

i
Notel A is a left A H module via b h a 1 blh.at ll btlDlatlD

2
Hdosen4 need to be f.cl

Ncte2 let M N be left A H modules and A be commutative then
MAN is an left A Hmoddez.det Nf detf了

A modules lifts to At H modules

Proof of the main
thm.filet ME A Hi M is a free left Amodule ofrank n_nH
let f ra rightmultiplicationby a EA f is a leftA Hnap
since left andright action are commutativel Thus by 422

xnEAT.tl and a is integral over AH
2 Kafue
0 A lkdgebra A is called Kafine if it's finitelygenerated as
K wlgebra.ie I niiEAS.t.A ffla anlfc ka.in 了3

20 ArtinTate lemma

let BEA becommutative Kalgebras If A is Kaffine and integral
over B then B is Kafue



a
Thm let Hbeafd.cocomm hopfalgebra and A a commalgebra

such that trig and A is Kafue Then A is lk

affine.fiAt篍 ⼼ 监 A is Kaffine
integral

2 A wmm.Hf.cl不
叫 事 A AH

Summary
grpaction

1 KXH k.hr2zh khkzhi.hhz kbi.hhz H

kAH ahbg aChib ng Ht A
i.e is a generalization of semiproduct

2 lt H AdimH'asfreeleftAmd
HWmA'asfreenyhtHmod

Since a 1 1 h ah wrdthahz.cn

hfcrshort3
Mainthm.Hfd.wwmm.Awmm

AgHAT.lkaffine AH is k

afine.GE4了 Trace functions and inu.cnon

wmm.JOIntegralily of A over AH

Schecter integral

Que H等 Hfd.s.s.BAijfgdlMain results 43.7

let A be a left Noetherian which is an affine Kagebra
let H be f d and H A Such that t A A is surjective
Then A is k affine and Noetherianby Gi

z lemmas



trace function

tr As AG t i A AH t EfatsI am

t.agag.atis an 肚

bimoddemap.pf.ltb EAH t.ba tibsltz.at ⼆EUDbltz.cn b t.at

Hence t is a left AH module Theargumentof therightside
is the same

lemma Assam that His fd.HNA and t is surjective
Then damn zero idempotent e EA H Hel A Me 胜⼆时 asalgebras

Note i is surjective I cEAS t.tk 1 i e t c 1
2

hat lh.cn

tpf.LIh Catlt lhia tthzt EChz h.atlt

LhtnltttPfSincet is surjective thereexists CEA witht.cc t.cz

asso.Defineetc then eittc icstc tc.ee

For any aEA hEH we thenhave

ecahle tcah_tc EChltc EChllt.ca

tcEAHewodhnversdgifac AH then t.ca t.cl a a andthus

ae a tc t.ccajtc t.cat cc That is e.CA H e AHe

Finally this is algebra isomorphic to AH since

all be atcbt.cz abe as above

Note t is sujectieiseitc.is as required
corollary

Assumethat Hf.cl A and t.is surjective If A is left or right
Noetherian then so is A

if Isketch



T
A is left Noetherian then so is A H

2
rightpart 443 172.11

3
If S is Noetherian then ese is Noetherian

3
Blowingup a chainof ideals of AH to A applying t to recover

the original chain

Remark the Corollary is false if t is mtsurjective
let S be a Kagebra and e a nonzero idempotent in S If S is

Kaffine and left Noetherian then ese is k affine

pfcsketchy
Since S is left Noetherian Ses is a fg leftideal of S
2
Weclaimthat es is a fg.lefte.se_mod
Let SeS ⼆点Sxi where xi⼆点ujew.joFor any res er E e Ses

and so ere FSiXi ⼆点esiujew.j.TKus the set Sewijl
generates es as an eSemodule proving the claim

Forsimplicity rewrite thegenerators as I ewi
3
pass

proofof the main thm mod

A leftNoetherian K affineiltf.cl A tsurjective AHisK

afinepfi4.3.4 and 4.3.6 using that S A H is leftNoetherian

Remark i 4.2.5 Hfd.cocomm A comm ⼆ AH K afire仈
43.7 Hfd t surjective A left Noetherian
4.3.7 fails if i is notsurjective or A is not leftNoetherian

2 H is s.s.ee Cfl to
let t.Effs.t.EU l thenth tl l



1

t.is surjective

4 surjective trace

total integral
let A bean right tomug Then a right total integral
for A is a right HwmodmqpyiH A.it 441 1

an observation of Radford
Ott Eff It is an right thomod It is a left Hmod.clH H is a left Itmod isomorphism
h m ChT

Setting t 0CE then t T E Since Ott T ⼆⼗⼆⼼⼼
We claimthat t Ef Since ht h 0位 01h E 0 late am

Nrleich E.gs ⼆ CE gh Ey Uhl h E she

Hfdǚ consider A as a right thomodule algebra Then

t is surjective 为 2 a total integral y H

A.fiit is surjective 2 CEAS t.tt 1

With Q as above let 4 H A

frsotcfl.clis a leftHmodmap since Q is andthus 4 is a right
HK.comodmap Moreover 4 In⼥ 4任 01E c t c 1

so 4 is a total integral for A
conversely assumethat 4 ⼼ A is a total integraland

set EqCT Then t.ci t.eu 1 44 T 4⼼ 1

dualnotion of trace for right Homeday A
recall A is an Hmddg.tiA AHanAHbimod.mnp
Nowi A is an right H comoddg.andzriqhtwmodmapy.lt A



g g g y

Sehingtrcal a.ecSal it's easy to checkthat tna EA

and that that ⼆Iron if e is a total integral

Cpt4.4 Ideals in A H and A as an AKmodule

AbstractHowthestructureof A H influences therelationship betweenAandAH

H fd A is a fg A_module t is surjective

I late of modules
let etc and fix a basis Sh ⼀ hn fH.KVEMAletWV21ALA H betheinducedAttHmodule

Define a Lui f LWAHI M I WA H I N⽹
U Uae A H Eviahi ⼼ 产Elhihi

lattice ofAyubmodulesof r Twelldefined
i

Note Ew EW W ⼆点vioaihi EUiaiahi F2iohi

Yu is a 肚modmap Thus ifXE Il WAH WE fly

pf.GEjH ha hia hz

aElhlhziahmF0i0hi4MlEUiaahi MEVia hi 不⽐们Uiaa
3
both 6 and u preserve inclusion hence preserve

ascending and descending properties P Noetherian

MooCU Uihenc 6 is injective
E

If If we 0 then 00et 00 tct ⼆ 功 t so rio

Hence use Use implies no

vz.twF viahiEW we EUiohitcz.EClhiNiatczucwlae.ltUEIllil.lt e Use A H e 021AHe Uae by 4.34

WE U implies Mw EU hence UM EU

This is true since we umno et Uae implies put U



e u p p2
tu EU w uae.EU and use ⼆ we tune
It followsthat uvuw so 0 UM

Hfd AS.tt is surjective If A is right Noetherian

then A is a rightNoetherian AH

odnle.fiWe apply the lemma with KA Then WEAtA HEA H
czz.nl
Since A HEH A as rightA modules and A is right

Noetherian W is a Noetherian A Hmodule

Now IWAH flWAHI thus A is a NoetherianAHmod.tnunder
afew many

2 Emma let Hfd NA and choose OF t EH then

D ah hzl5h.cn t ca th eEh
2 hat h.at tah tcihaal.th xlhlt.li x h
⽐1 AtA is an ideal in A H

pf hzl5h.tn 1 h 所以 1

hfh.at bt Elh atthzahu⼼
t ah thd5hial

t.xlhzhl5hial

tc5lxlhzlhi.cn

t 5cx h.cn t 5li.at
3
ltabEA.hnEH hatb ha tb E AtA

atbhi.at 5 Ili b EAtA

Remark l.tl I influence Ā is fg.AMmod
3 consider ⼭⼆AtA in A H as above then
以 Fix any a⼆点bitGEMMA then KdEA

ad ⼆点bitkid E ÈbiAH



That is a AE ÈbiAH This says that EMMA is

Jhirshw locallyfinite over AH

If ⽐1 A H then A is a fg right 肚module

If I t.tn A contains a regularelement of A then A is
a right 肚submodule of a finite free 肚module

pf.ul.ad Fbitcid Ebit.nl tz.ApplyingidaEonbrlhSides

weget ad⼆产bil.cid
21
Using a 1 in an weget A E ÈbiA EA

let a be a regular element i.e ad 0 implies do

let fbi了 Kii be as before anddefine

Y A 感AH if Yuko then t Kid 0

Kiantuid Ii
Thus ad 不bil.cid 0 and do since a is regular
Thus 4 is injective

Note If A H is a simple ring then ⽐11 A A and

hence A is a fg.AEmodule andthus A is Noetherian

provided AH is Noetherian

4 Semiprime
Semiprime ring Theonlynilpotent ideal is 0

Thm Assume that A H is semiprime and that every non zero

idealof A H intersects A nontrivially Then

D AH is a right Goldie ring A is right Goldie

ifAH is right Noetherian or Artin so is A

lemma Assume that A H is semiprime and choose Ott Ef If
I is any nonzero left or night Hstable idealofA then into



ng l g s

if If ⼷ I l 0 then t It ⼆ㄝc I t 0

Thus if I is a left ideal of A then I It is a left
ideal of A H such that TEO Since A H is semiprime
Tao andthus I 0 a contradition Thesame argument work

for the rightpart Hstable

Note J is a leftidealof A H Since hJ h I t 江⽐上 It 㓅
i

Remark 4.4.5 440 It's useful to knowwhen A H is semiprime
2
If A issemiprime H KG.IGHEKorlt CKGT.tn
A H is semiprime

Que A is semiprime His fd.s.s.BA Hissemiprime
5 aneeample LtlAA O

recwll H4 lk.SI gxgx
md 92 1 x Eo xg
gxwmwliogzgag.ox

xoltgoxEyjl.EC X 0

H 114 A 4 K ⻉ 13 4 H ⽥ ⼼ t.ES t E

filth⼆ ⽐13 Be a Bez e 1 it er ti An⽐ 10 An Ct

Gt 45Morita context
Abstract A H 吐出 A via Morita context

2
Basic idea relationship via modules

叱骂 Morita Equivalence
a

module cat equivalence

4.5.0 definitions

Wesay that two rings R and S is connected byMorita context

if 2 ME RMs NE sMR and two bilinearmaps



1
I NORM s and L Ma N

RS.t.nlI 7 is an Sbimodulemap which is middle R

lnnear.i.e.irm n nm Hence I 7 is welldefined
⼭ it is an Rbimodulemap which is middle Swear
3 Um m EM n.nl EN associativity holds

i.e.m.cnm min m and Em n n n.cm n

4.5.1 leftright肚mod t left A Hood Structure
let R A S A H and M N A

m A is a left or right AH_module by multiplication
A is a left A H module in the standard wayie.cahtb alh.b

4.52 right A 11module structure
let xEHs.t.tk aunt ohEH write hi x h xlhzs.hn

ByTRadfordJ test for ott Ef in particular His

unimodalarifstet.GEA is a right A Hmodule via

a b h 5 licabj

hhirigh.tttwistedright

45 3
Thmi et M⼆⼼ A bemodules defined as above Then

ME AHMAH and N E A HMAH together with the maps

G AAHA A H A名㐩A AH

aab rs atb a b Ht cab

give a Morita context for AHand A H
if We check that hi is middler A H lineariforab.CEA.hnEH



1 1
defy

c ah b 5hiaiblzca.by我lab
tl5h calblzt.ca t a

t 45以ca b zlix h xchlh

txl.hn 5hiCa z theNhlt
thz 45hiCNDzh.abzlhiajlhz.to

t lln5hicakh.Dlzi5h.tlh
to CaChb

I left A H modah.bz alhb
t.lccah.bizan tlab
C Ghb

Remark ECAFCA.AI.lt A A

45.4

let Hfd A and choose ott Ef If both t is surjective
and ⽐1 A 1 1 then A H is Morita equivalent to A't

45.5

Let Hfd AS.t.lt H is a simple ring Then TFA Ei
A H is Morita equivalent to AH

t is surjective
⼼
A is simple
ulan

pf Since A H is simple t A H and so IT is surjective

Thus by 45.4 AttH is Morita equivalent to A Hat is surjective
111 3

A is simplesince being simple is a Morita invariant
3 in

Since t.LA is an ideal of AHand is nonzeroby 446
Thus t AKA if A is simple and so ti is surjective

4.5.6 primering
A ring is prime if the product of nonzero ideals is nonzero



ng p l P

let Hfd A then A H is aprimering A is a left
andright faithful A Hmodule andAH is a prime ring

Remark example 449shows that A and A H are not always Morita

equivalent

Summary 43 45

Gt4.3
1 t At AH is an AH
bimodde.am

t.azt is surjective if zcEAS.to t.cn In this case
etc is a nonzero idempotent stelAHle Ne

AH3letHfd.hr i
A is leftright Noetherian ⼆ so is

AHAis leftNoetherian Kafine ⼆ AH is Kafue
4.2.5 Hfd.cocomm A comm ⼆ AH is K afire

4 total integral H 嘴 4 ⼼ A right Hmods t.eu 1

Hi s.tt surjective Iti A 2 Utd integral 4
5 dualnotion Hi 24 H A right H wmod.es trcaka.ecsay

Gt 4 4
1 atice cf modules
let H fd A 4 VE UA W vaA HEMAtiH then
u1
6 I lhh flW l.fi f lWAH I A们
S⼤ µ 60 U hence G is injective

Au
A is right Noetherian A is a rightNoetherian HImodule



g g
z Hfd A ott Eff t is notnecessarily surjective then

uh h 5n a
21hat h.at tah t a e h where a h 5M a

⽐1 AtA is an ideal in A H
ul3
lt a EAnctl.IS biis.t.UA EÈbiAH
丛⽐1 A H AnCt⼆⽉

AsÈbiAH is a fg.ATmodule
MAA contains a regular element A 䏚 In as right ATnodule

4 Property of semiprime example cfltlnA

o.C.pt4.5 Morita next
1 def R S is connectedby Morita met if I M N with TJ 1st 以37

2 A H and A is connectedby Morita met via A with⻔ 1

3 t A AA t CAAl

A H is Morita equivalent to A if I and u are surjective
4 Morita equivalent a simple ring


