
 
1.6 1.9 representation of

hgfalg.Gt.la6 Modules and wmodules

Bydefault A is an algebra over k
C is a coalgebra over K

I defsorecall that M is an left Amodule

if cab m atb.ms and qtb m

amtbmka.myfbihhea.glhim m ⼼
可筵台去品 counted

Equiently.le.fr Aau M be a khuear map
we saythat cm r is a aft Amodule
if the following diagrams commute IT FDC forshort

man
A BAD M A加
KDMIEMADMI.uat r U XiǔrADM ⼀⼀ M

The cat 叶 left A module is denotedg AM
let A M Mac be aKinnearmap

we saythat cm p is a tight Como dule

if TF Dci
M S MOC M Es Ma
p l LIMBO

AIM t f In DE
NBC 3 M CDC MOK
wassociaty counit

The cat 叶 right c module is denoted MC



sweedlermtatns.letlM.pe
be a right Cmodule

we write p.cm m am EM C

Analogously for a left a module IMP
we write Aim m 加 E COM

Note wasso M moam moons ann
11

moam scmolicmoh.am
counit m mo.am

Thatis tosay sweedlernotat.im on Cand M are compatible

p E gDIDop p ml m.am mn

Im Gop
Im E o p I m E can reduce 㘩 multiplicityofon

Remark LA.D bimodule.CM 1⽇ h

left At right Bt associating
here asso means amlb acmb

or A DM B MOB
t Z l
ADM 2

Morecan define C D wbimodule.CM Pc Ap in asimilarway

In particular A is a CA Atbimodule in itself
C is a cc _wbimodule in itself

2 lemma

M is a right Cwmodule M is a left Ctmodule

H let Vi EDM M

Eam is Em Radford



where ct m ctcm.im

unit E m Elm

moassoictlt mj d lhm.im

bYmicilm.j.moqi.bym ciblmismozsweedler
acmcjbYmd.no

A left Amodule is called locallyfinite
if dinA.mco.lt m EM

Prop If M is a left Amodule then

M is a right AO_omodule a M is a locally finite Am.cl

recall A0 9 fcilkerfwntainawfin.tt ideal ofA 3
pfi E let Sm mn了 be a basis ofA.mkaEA.amEfica mi for somefilaltkletIkerlA EndncMI

fac Ala.mi o.li
Iisacofinite ideal of A since dimEndaMo
fi⼝⼝ 0 I EA 0

M p becomes an right AT module
via fi M M A0

mrs Emi fi
M is a right At amodule
a m msn.ME Spanmin

A AI
Remark WhensayingthatM has moduleand comodule structures

we require that a.m muimiiTct.mzmc.ictcmu.FI
⼼ left ctmodule 为 right Cwmodule
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A ctmodule M whichbecomes a Cwmodule

in the natural way is called rational
Note S right Cuomodue了 ⼀ 9rational Ct module3
3 Examples

If CC o is a right Cwmodule
then C is a left 达 module
more precisely f c fas.co c f a G
Since C and Ct are bothc

module.vewrite Radford t C End E l left multiplication
r E EndE Cright multiplication

R E End C.CC is a right E modl

L End C.CC is a left Emall

in fact cg.f cs c.fi a g a

g f ㄍ 1
gf.cz

i.e.cg.LA c rcfjcgl.cz
therefore THE End it is the transpose of Ufl
IngeneralTFDC.ci上 EndC US EndC

X l t x l t
End it End it

IEA is a left ideal of A
def I is a left Amoddef

A.IE I i.e MCA IF I

Analogously



g y
I is a right w ideal cfc

越 I is a right wmodule ofC
def m CI E IDC

Remark most of the clefs and props have similar

argument on left cases and rightcases
we focus on onecase in the following text

_every left A submodule of C is a right Csubumoddi.e.ltsubmodules of C are rational
pf provided V is a left
ctmodrrkc.EUlet ac ⼆点ni Ni E CDC r far reduced
let
uiECst.uicujFSijthenvi

c
uiEVhencespanfviiEV.ie

OCC E Ca U

A is a left Amod diagram At EndA
de
EndAt

make A into a right And
more precisely cf a.bs f.am
AO is a sub Amodule of A
pf f E A

0 2 I 4 A st.wdimIco.fi I 0

cfa.b f.a.IS Ef I 0

fan EA

let EKG M is a right Cumod if Misa Ggrade
module

i.e.Mgmgf
mfzmiag.IT唕9烈



问 Fungi onEiiagiagiflmiagiFmijagiiogi
lmiagi Fm.iogi
Flmj fijmilagj
sm.jo Sj mi

pcmy
miogiletmgfmcMlp.cm mag
Since m E Span mi了 E EMg we have ME Fluffy
let p Mt MAC it's trivial to cheek

mgrsmgag CM p is a Corned

let A KG.lu be an Amod.by the lemma above
M is a right AO_omodule if M is a locally finite A

mod.i.ecA.m ⼆ G.misfiniedimensiond.cnthe Gain on M is locally finite

cpth7inv.andcoinu.l.de
fs Cleft
let M be a left H mod.tk invariants f H
on M are the set

M H 9 mc Mlh.me Elhl.in Uh EH了

ie.MN are elements ofM.s.t.TFDCHDM
MElok.ME

let M be a rightH wmod.tw invariants f H



y l
on M are the set

MWH fmcMlp.cm m213
WHi.e M are elements ofM.s.t.TFDC.MXHIM
IilMAKE

2 lemma

let m bearight H wm.cl consider its left Himodstructure
we have MI MWH

Analogously let M be a left H mod.s.t.it is also
a right HO.comod then M⼗⼆

MWH0pfio.mEMHClt m EM.m.lt hit
Mmim EU m thot
mo m.li m 地吵 Ip KEEP
mo m m 1

pcm m01
whereMmj cztlhtl.IR ⼼ nuts t.ch Ip

ice in lilIH.tn EH

hence m ⼆ IH
thesame asOn utNote u K A N ⼼ 不 1kt K

NaEt K H rs l

E ht touch⼥ at 纱 I
21
rightC wmod leftctmod.ct m cicm.im

3 Examples



P
let M be any vectorspace trivial

p Ms MOH makes M into a right Hwmod.mnmall trivial

similarly r H M M make Ma left Hmodhxmrsahl.vn
let It⼆KG if M is a left Itmud then
M ⼆ fmc.tn h.m Elh m khEH3
SmEMlg.m gm m.kgtaP竺 ⼼

if M is a right Hwmod
then M f m EM I Am ma 了 M

let H 019 If M is a left itmud then
MH fmEMlx.m axl.ru 0 t xEg 了
the constants of the cretin g
consider It as a left H mod.in left multiplication
Then H 9 tEHlh.tt Chit th EH

Example H KG G 1 H⼗⼆9XEHlgx x.lt 9𠮨 0

Thequestion will be considered in Gt2 as t when H40

Cptl f tensorproducts of mod.wmod.o.c
agmaprecallialg.coalg structure of A013 COD gunbing.ciwaywept

now mod.comod structure t Pagmap hopf module
l H
modvawocetv.lv

be left H mod then low is also a left
Hand via 8 H 2 ⽥以 Vow



ha ow

rslhiVlDChiWlie.Hovw s vow
的⽌ T Tw

In TOIw
HOH Blow 3 410以她 以

If His wcommutative then ⽥ WE WON as Hmod

However it is false in general
Ex let G be a finite non abeliangrp.tt KG.J
structure of T
G is a basis ofKG let if 9

⼥19厸了be its dualbasis
9 myMr UH Gt are determined by
cinlltgt.ltEct XEG

Since a 伤⼼ x C9分⽐ ocx

product⼆ 有ht xaxs u

were igifgfjf Innit
ˇ

21 Up 1 X CEYES X CIYECX 1
Hence up 1 ⾠
gtmcmtcgy.xoyscgimcxags

c.ci xp
fwprohctz.dxy.gwunituhence.my

⼆点 Pay
4 Edgy zig I gtuulsz.ge

let g.hEGS t.ghthg.tlenklk.gt.uik.li are

HEmodsghifahtoycghT.ciart
⼆ 点外将有 lili fat



yqh
Ghihj ⼆点外 妐有 gy o

2 H
wmodWQVCle.tv

u be right H wmod.tn law is also a right
to mod via p raw 40 w H

vow rsyow.jo viw

pieraw 3 VOW
Hilo Tham

DH

DHjETH4awJDdaHJGth9
Hopf mods

i def
M is a right ItHopfmod if the following conditionhold
M is a right H modliar.MX H M

M is a right H wmodviapim
MDHBlp.isa right Hmodmap.iehanopxIH

porsweedlericmhianty
mo.h.amhz

paIndiagram 以及11 II H
8 d l 81㖄
M 5 Man

Moregenerally in the module part of the definition
we may replace H by any subHopfalgebra Kof H
then M becomes a right H K Hopfmodules

Cat HMK.lu MI d
2 Examples



i p
O M H p 0 2 m M P 8 is a H

hopfmod.IOlet W 2 be any right Hnodwle
then M WAH is also a right Hmod.cia V W HJDH

WDHcwahjaxcw.xialhx.nl
etp Iwao thenlWaH.r p is a right

It hopfmodule
As a special ease of this example
let W be the trivial H mod.i.e.W

WHVEW.hEH.w.h Elhl.no

by W is a H m.cl M W H is a H hopfm.cl

Specificly.tw h x WXuD
hXcu2ElXuD.wahy Hmod

wahxplwahlwohu.am I Hwmod

Such an M is called a trivial Hopfmodule

Remark Mistrial fromthepointof view of both module
and wmodwleiwah.IE Wah䒑 trivial product

plush woplh trivial coprod

3 Fundamental theorem of hopfmodules
ME Miss ME M H as right It Hopf modules

where M is a trivial itmodule

In particular M is a free right H
modofranktimhitpfiletxiMWHDHM.pi.msMWHDHmahrsm.hnmrsm.IS mom



m 2
m
we first show that moscm.ituWHH
dmapSincepcmoscm pcmo scmi

moa wiocslmDzSanti walg
_Cmoamj.scmj Scmz7

_mo.SCmj Mi S m2zm.SImkElm
mo.scmy Elm I
mo.SC am m 2 I
mo.SCmiINnext show that top Im pox Into H

Xof m X mo.SIm 及 m

mo.scm.j.mz
mo.ECmy I

mpoxcmahlplm.hl
cmhlo.SCahh cnn.hhzpH

modmapp.cmmalC Moh Smihdamihs
m h.SI h 以

⼆ m.ECh.la h
m a h

finally check that x is a right H h.ptmod map
4 Example
let HE KG and M be a Hhopfmud.liM is anHorned M⼆忍Mg where

mghntMlpaimagMisanHm.cl a act m Mfp ms marl is an H modmap plm hnpcmi.hn
hence pcmgchl pcmgj.hn



p g p g
mgag.hn mg.NOgh

therefore mg.hn E Mgh
so the G ac.tn permute SMg了
in particular my ⼆Mg

This is precisely what the fundamental theorem says
here M M and So MZM.DK G as KG

hopfmodimph.esMg 三 My
Remark Hopfmods are trivial but useful

Thedifficult is to prove that agiven M is

an H hopfmodule So that the fund turn
canbe applied

Gt3 dim Hc right41以hopf module
is a free right Kmodule


