
 

Gt3 Freeness

Gt3.3 normalbasis
l lemmas
ul
let K be a subalgebra ofA and IS A then kn Idk
et D be a subalgebra of C and I 4C then In DAD
n

pflett.ci D CIIS.to 不 d dt I then Kerㄤ InDd D

let k be a subbialgebra of B and I a biidealof B then
KAI is abiidedcfk.in
KAI B is a wideal of B

H OCKAI 13 o KAI 013 ENIak.tk KAIIn1132113

EKMBDBtBDKMB.INde KAI B E KBn IB 13⼝ I
2
A⼗名 A3 E A为了⼗⼼的

KAI B is a right13module and a Kbimodule

let k be a subbialgebra of B I KerE be themaximal

biidealof B and I KMB Then

BI Ek as bialgebras

131I is a trivial left Kmodule
in

pfi Weshow that kb t I b⽕ I 三Elktbt I foranyREk b EB
Since k.b ECDb lk ECHIklb.wherekECN.lk EKerEn k
it followsthat k.b ECD.be I hence we complete theproof

2 let L be a subgroup J G then KL is a subHopfalgebra of
KG Let sx xn7 be a left wet representatives of Lin G

u
then KG is afreerightKLmodule with Tx ⼀ Xn了 as its basis



fgnpf.lkG 忍不⽐ where Xi.lkL are cyclic right KL module Each xKL is

free since annXi 0

Ncte let LC.o.tl be a coalgebra dude CE KerE Radford
2

Byiceman吧 I KLIG is a coideal of KG and
KG II is a trivial left KLnodule Thus
KLXKGlzyzk.tl 们 ⽈ KG as left Kt modules

Pf It suffices to show that dimeKG仜 ⼆是1 n 多directcomputation
wegetCKL⼗⼆灵红K.lx.esand 1⽐7G k.cigg Oeikxxi
xgEGetXELHencechinkKGI lGl n 14 1 n

Note ghELKLTG gHEL
glihlz.SKXu is a normal basis ofKG as free Mrmodule

3 Theorem Scheider

let H be a f.deHopfalgebra and K be a subHopfalgebraofH then
以 1⼗⽇KD HIGH as left Kmodules and right HIHH.comodules
H ⽈HIHK kasrigh.tk modules and left HMktwmodde.SNdei Toshow that HI KalHMH as left Kmodules oneonlyneed

to prove that dimkldmH dimHIKH dimH dimktH
2
letk.be a subalgebra of A then A_modules are naturallyKmodules
Let D be a quotient walgebraof C thenCuomodates arenaturallyDwmodulespf8 MXA M 8 MakesMDA M

p M Mac p M M C MAD
3
The wmodulepart of the theorem can beproved dually I待证了

Remark Thetheorem tells that H has a rightCleft normalbasis werk

Gt f will consider more detail about normalbasis
2
Schneider's results is a corollary to a mere general result



g g
about Galoisextension and crossed products Cpt813
Noticethat K is a subbingebra while BIHB is just a wagebra
and a rightidealofB Masuda weakens the condition t T is

a left aidedsubalgebra This time theconditionabove is meredad

i.ec K left wideal t subalgebra f B k 13 13modsarekmods

KD right idedtwidedfB.B

BNBDBwmodsarelwmods.GE
3.4 adjoint action normal structure

Let H be a Hopfalgebra Hmight mtbef.cl
1 definitions

The left adjoint action J H on itself is given by
adehlckl hkCSlhzh.fr all h k EH

The right adjoint action of H on itself is given by
adrhlckl slhikhz.fr all h k EH

A subHopfalgebra K of His called normal if both
CadeHICK Ek and adrHIME K
1

Remark In the case of 1⼗⼆KG and gEG then ng 121 gkg all

kEKG and if Hwy andxeg then deX Ck xk

kx.dkEUg Thus in these cases we get theusualclassical adjointactions2

N aG every leftwet of N is a right wset
ˋ N kerf.fr somegroupmorphism fi G a

Note ad G Im GcsAntG is a homomorphism of groups
2
d L Def ⼼ EndL is a homomorphism of liealgebras

HEEndLl flag EM到⼗区所⻔了

ad H 2 is a homomorphism of



p
2 lemmas

If f A B is a algebraicmap then every 13module M has a

natural Amodule structure via f ie.m.a mfal.tn EM aEA
2
If g c D is a coalgebraic map then every Cwmodule M has a

natural Dwmodulestructureviag.i.epcmi moagcmi.lt mEM

let M be an 从Hopfmodule then MWH fmoscwnlkmc.lu了

let k be a subHopfalgebraof Hand IahopfidedfH.nlIf k is normal then HK⼗⼆ KH is a Hopf ideal f H and
ㄤ H HAM is a morphismofHopfalgebras
Letㄤ H HAT be a morphismofHpfalgebras andconsiderHasan Ā biomodule Then It is adestable and it is adistable

Note NaG a n an E Na for all nEN a EG
hi

Pf consider the identity l
ha⼆hia.ECh hiarsyys adelhilal.hzfcrwllhEH.GEK

Moreover if ECal 0 then ECadelhila EChiaShi 0 andthusHKIK.tt
Theothercontainment followsanalogously It follows thatHEis an ideal

it is always avoided and SCHKT SCKTSLHEk.tt

I.ThusHktisaHopfidewland 不 is a Hopfmorphism

KaEHT hEH pcadehlall plh.GSlhl
haslhzholhaslhzh

hiaoslhuDhzh.SU zaoā axī
⼆ haShh 及Elhyī

不 is algebraic

⼆ has T
Thus delhila EHan Theargument is similar on the left

Note let Ld G then kltG G.lkLtandKGllkltzlk.cn



let Fk GIL thenFXigiEHW gii.loxi.to hence HEKL
z
K is a swbttopfdgebra KHisaw.ua land right idealofHIis a hopfaded Han is asubHopfalgebraandracial of H

WhH g h E H pcghl pcgtp.ch

gihaiz.ghaT.lth E H pail hi haīaī 书pchòkhi i

Remark The converse of us is open ingeneral but is true fornice extension
3 faithfully flat

A ring extension A E B is left faithfully fat if forany right Amodule

map fi M N f is injective f IB M加13 N名B is injective

hat is B is a flat left Amodule via the extension
Giventwomaps fg M N the equalizer cffandgiskerlf.gl
9MEMlfcnngcm了 The equalizerdiagram l.SNNisexacfifImhkerH
q7andhisiujective.MteiWhengo.l.SN Nisexactc so sL sMtN soisexaet
Let kbeasub Hopfwlgebracfrls.t.lt is left or right faithfully

flat werk andsuch that HK⼗⼆KTH Let Ā ⼆HMH and consider

Has an Fbicomodule as before Then
以
K H 三听

121
K is a normal subHopfalgebraofH

Note Hk⼗⼆EH HH is a Hopfidealof Hz
His leftfaithfulflat werk then Hack KakH 4 HRH and
it KKAKQKH
KDKK.itlet f g H HDKHst.flhl hakl.gc.hn lakh UhEH

Thediagram K H事 Ht H is exact since hada lakh had Ekick
z
Let IT HMH thenthe diagram His H 3HOH is alsoexact where



g
the twomaps ontheright aregivenby h

hai.hrsh.ai.lydefinition hai h我 a hE Hi
了

Finally we tie thesetwodiagrams together Define amap

piHDKH HDT.riaxxkynsxy.DE
a

Note this is the Galoismap studied in Cpt82

p is welldefinedsince xy观 is Kbilinearforparameters xandy

P has a welldefined inverse namely xxj xsy.at andthus

p is bijective It's alsoeasy to cheek that KENT
iNoteifbpcxay ptcxy.DE xysy.DK5 X Ky

NOTxD7 p xsy加⽯ xsyi灭⼜不⼆ xay
时 is welldefined sincehkEHktzsflxxhk.no
nkEK pCkl k.DE k.x kiElhiI k0E122T 12 T

Thus we have a commutative diagram K H

HDKH.tnUP Final
Hilt HOT

By eatness and thebijutiny off we must have Kilt
Using Ū Hand repeating the argument we obtain kzH.nl
It follows from230

Corollary let Hbefd.andkaswb.ltofalgebra Then K is normal

if Hk⼗⼆

KTH.fiHis free over K H is faithfully flat
Ncte Freemodules andprojectivemodules are flatmodules

Remark Gt4 when His faithfully flat over K
z
Amore cliffwit question whenHpf ideals are oftheformHKEHH.ltadjoint waction



definitions

以The leftanoint auction of H on itself is given by
Pe H HDHviah h.sn 加2

121Theright hint auction of H on itself is given by
A H HOH via hrs hadhis

A Hopfideal I of H is called normal if both
pelts EH I and ACIl E I H

lthatis I is a subwmodwle of H underPe andAr
If I is normal 不 Ht HI is called anormal

some dual proprites

H is a left Itmodule via left adjointaction

pfadegoadehlkl adegch.RS以11 ghikslhzisy ghhkscgbh

adeghlkladeIHCkklik.SC1 k

Ncte In Cpt2 H is a left Hmodnleviah H H.su
121
H is a rightHwmodulev.tn rightadjoint nation

pfi IHopfhkhpdhzthpdhjh5 IHN.PH
InaE hadhis hz.tlhitch h

H is commutative H is a trivial left module via de
H is nocommutative H is a trivial right

wmoduleviapr.pfcade.ch121 hkslh khslhliElhtk.tk EK.hnEH
Prlh h21Sh Ib h为 Shih ⼆ hDI EhEH

a diagrams

HOH ⼀⼀ 了 H H2H 11
00不⽌ 不m2 zag to2

H HOH HDHAH HaHAH HAHAH倁⽔ 义所加 HAHAH ay CISBIH
HaHAH



1

adt m3IixsoIHDI.co In Pr Inamo ta IHoS Ii od

dehCk h上 Sh Prlhl hadhis
151
recall ㄤ H HI is a surjective morphism f Hopfalgebras

i K G H is a injectivemorphism 4 Hopfalgebras
I
K is ade_stable de HIME K i.e K is a left Hsubmodueviaadt

4 ade.cn ⻔ factors through i KUH

that is If HDK ks.t.HDKEH.HU It is commutative
flitsk

Here flhxkkhkshz.lt 2Ek.hEH fiswell definediHadelHxk Ek
I I ispr stbleeprIJEIDH.ie I is a right Hwmoduleviapr

yz.cnIN of factors through ⼤ Hs HI
pr ⼤环

that is Ig HI 版所 s.t.lt H H HIGH is commutative

SHIITE
Here gli E她们以 UhEH g is welldefined if MI EIDH

Corollary If His fd then I is a r stable HopfidealofH
pr ⼤环

H HoH HE H is commutative

HII ji.si
⼆ ti di Htt 收为 It is commutative

不 Hi Stir
HIT is an ad table subHopfalgebraof Ht

Note Pel I E H I
udelicHITECHIIipfkhEH.EE

⼭珍 we showthat hi Tsi I 0

⽐ EI Chi Tsi X Cmǜlh物的⼼吵 x

hi iashi.XDXzaxss
hicxi.EC⼼⼼的



1

4 N X Sx Echl
⼆ lixsy.EC h

dia E X.SK Xz 7
Since PelI EH I we have Elh 0

2 这⾥有点奇怪 left left
此外 四以

义
对偶 应该是Wb 才对 吗

5 some speculation

Normal hopf ideal also arise in the tent y affine Kgroups
let yCk HK⼗ 4 I Wit
then
g
K a normal

5以抑fagebruyn
了 f f

I a normal

Hopfideal y H 7
Ncte It's trivial that HE is a left Hmodule and that It is

ade stable However it's weteasy to show that HE is

pe or prstable Hi is a left or right it wmodule
4 and 4 are inverse bijection if either His commutative or
if the wradial Ho of H is a commutative

Gt3 5 faithfulfreeness
I lemma let KEE be a Galoisfieldextension with Galois group
G and let It be aHpfalgebra over E Assume that Gacts on

H as semilinear automorphism Then HG is a Hopfalgebra walk

阼 pass
2 let FEE be a Galoisfieldextension of degree 2 with Galoisgroup
SI.co letoutmZbyErs z.ThenG acts on the group
algebra EZ by acting on both E and E Let it E班 and



g y ng on

K Ecnzi EH If u is even then H is notfreewerk

pf pass
Nate Though His mtafreekwodule.it stillmight be faithfully flat
3 His free over the t.d.sub
Hopfalgebrakifui.kiss.S.cz
k is normal

4 conjecture

Is H always left and right faithfully flat werk


