Cyt 2. Freeness

/- [’CMM&S

Glet ¥ be o sbababm of A, ol 1A, Han KLk .

(z’Cd D be o Subualyabra of L, avel 19C, then TAD9 D
wl_.w(d . P=>C/1 ¢4 7)) =d+tIl  +hen keaT=Iap< p ¥
® let k be a subbiohebn of B. ol I 4 biideal of B, the
"EAT 15w brickel of K.
- (BADDB s o wofclend of B
o Mackal-B) = alenl)-oB) C(Fal @k + €dknl) [BIB)
S knZ)BoB+ B2n1)B .
No-fe,f(lﬁ/lI)B S kBnanIB=Baz =1,
i (Atha) B3 € Achs b
X &KADB s o h;lvt B~mwokule endl a K~bimodude
® let k be a subbiokebr of B, I=kKert be te woweimad
bitded of B, arel T'= KALB . Then
VBT Ak as biodgebrms,
T B s 0t left Eomodule
v We chow Hhat Ab+1'= bktI' =clhrb41’ for ony ek, beB
Stee h-b=EW)b = (h-c®B ) b, whee b-eld)J, € kare nE
't foliows Hut h-b-€&D-b €L, hence we umplete the provfl.
2.let L be a sbpp of G, Then KL is o sub-Hepf-oljebm of
KG. Let SXy--, %7 be a leff vosel vepresentetives tf L tn 6,

)
‘ﬂQnu kG s a free gt IKL molde with TX.,-=~ Xa 3 a4 TS boses



of ko= Bkl vhere XL e cyolic vigt KL modke Exch xEL is
free swnce omnx; =0
Note: [et (C o.6) be & covhobra, cdowste C7=Fer€ (Rad forl).
" By tlenns®, =KL 15 o worend of G, ond
K6 /17 is 6 —trividd Lleft Il -modide. Thus,
Colimg (KG/T") 9D WG s [Q?&( E~( pwobles

Gl
T{: Tt suffices & chow that odbimy [KG/T'= Tg=n | By direct mmyutwtm

[k C@(ka/z’) =2 KL

we gt Uk L)f‘eﬂe,_"ﬁ (3-€) omd (L") G = Z IK.cxy-g)* 9 ® k. (8% ~X)

? ‘2 eFXe(

Hence ohme KG/1" = 161 — n(U-D= n #

Neke!" g-h cleUTs & ghlel & gL=nl
2.
fx,, ~--. Xul is o nomed boss ({f k¢ os 70@5 I€(~ modude

3. Theorem (scheioler)

let H be & fool. Hopf wﬁebm ered K be Snb’?’forf'ﬁr@ebra lf’H"HAD,h

T H S KOIHATH) s left E-modues and right H/EfH-comodues.
? H ?(H/HK*)@k ns right  E-modales  arel left HAE ~omodides .
Note: 7o show that H 2 KO (H/TH) o5 left E-wodaes  pre only  neal
to prove thet- dim K/obmH = dim H/ER = olémH ~ oldm K'H
i let k be o subakpebrn of A, then A-modules ure rotarlly k-mordle.
let D be a guotiod walebm 'ff C, then - wmodlules tre raturlly D-amoale
?fg P:MM2M D f MBk D M3y = M.
p: M=2MBIC 2 pls M= MBC = M D
g T pmootide port of the Hhearem cun  be proved o(uwl\(j[ & W)
Remack . The thewem tells tot- H hat o righl Cefe)  vowad basis over K
Cot & will emsider wore oheto  obaut ramed basis

2.

Schneider’s vesults s o wrol(wy ‘o o were Geneyrod re sl +



e v

sbont  bolois extamsion  and crossed  prooucts. (Gt £)

) Notice ot K s a subbioyobra  wihale B/ BB is Just 4 condyebra
ol o ryht ictesd of B Masupko, wesbhens +he comolitia T K s
o (eft wided subedyebra " This tum, tlo wndition abwve 1S mere ol
e Ko left gideul + aubsbebrn of B KB B ok sre fomods

Kf—.B p l’?th I‘D[QW( -+ DOI\M IOL R . B>Bf®% > B wmals are BAB cmools,

&Pf 5 odjpint petion, nowal stracture
Let tt be n Hepf-alpebm ( H wivght ol e f.ol.)
) clefrni€ions
O The Leff oo joint  actem g]c H om f‘fse(f s /r‘ven 5u
(M((h)c/a):h,kcﬂm) . Ao adl h b ¢ i
@ The vt odjoint octim of M on itself s given by
(ot h)Ce) = Sth)k-hy . for ol h b eH
@ A cub-Hopf-algebro. K of H 5 willeol morwal o hothy
Cadg H) € € omel (oeleF)(E) € K
Bewark . In Hhe case of H=KG o €6 Than ol 91 =9hy”, al
belkG, ool if H=0Y) wd xeg, then Gol X)Ch)= #p—bx  alf
REUVY) . Thes in these (uses we pel the msusd clbssical cofoiat octions.
" NaG & every left wef of N is o right wsel .
& Nz Erf, for e growp merphion £ 64"
Note: s 6 —> Lom G €2 But 6 s a homonirphism  of Jroups.
- ey L = De”rl, O Cadl  ic g meom,;rf,l,,.-sw\ of  Lie Wms.
CLebnlL | Ly = Cfoy) + Tefon)
@M cH — 7 2 s o hemonrphism  of 72



2. lemmas
U)ﬁlﬁ -(\:/a—>B i A wyebma‘c map then  every B-walule M has o
rotuod  A-modale  structure  via -, (€. MmR= mfa) , Ymem, ned.
LJ—:F JiL=2P s a wazgaabma‘c map then every (-iomodide AN has
rotuod D~ wmodnle structure v §, (e pim)= Mm@ gm) | ¥ mEM
@ (et M be o H-Hopf-wmsolule , then M= Sm-Som) | ¥ me M}
®. et € be o cub’HoP-ﬂa,lﬁebm C{]C H.oomd 1 & lfwff i oluod '(fl'f,
"1 e s norwal, Hen HET=ETH s o Hopf ictal uf H, and
s H=HAET is a morphisw of Hopf olgebross,
Tlet T HH/I2H Ve o morphisin of Henf: algebros , ovel wonsicler H
65 on Fi-bf comodale. Than H"™os selp-stable ovd “H ts od-Stable
Note, ML 2 an= anal-aeNo, for adl neh, a ¢g
" tarcar 40 tolantrty L
ho = hea-€th) = hy a-Stho)bs = odlyth) () -h, for all heH, ack
Moreoyer, Hf €@i=0. then € (odyth) (@)= €Chy 8- Sthy))=0, orel thus HE'CETY
the_othor contmtnmasit follows twalogonsly. It follows that HE & on_iteleal
Gt (s cdways o wlclal ) ard SCHEY) = st Sy € kTH=1I.
[hus HET is o Hopf icdenl omd 7 (s a Hopf morphism.

@),

Vae K™ he, pCedphe) = p( h eSthe))
= (hoSha)), o (h 0 Sth)),

= hi o Slh¢)® hy &, Sliny) S AdE, = 4oT
= haSth)d clh)T s wgebmic
= hao |

Thas oy th) o) € /1”7, [he orjuemawt is similar on the [eft.

che;" [et LG , then KLTG = g-l ad KG/TELT < (.G



(et H=IGIL, thoy T Xr9: € H" & G =T,V xeto, heace HWT:IILL
K s o subtopf ol EH fs o sl and vt ideal of I
I s nm l'wlrf roloaf =D Hw% s o sub'/4o?fw§7ebm ownel M qf H
g he HY 2 pgh = pg) oty = gor ot = ghoT . ’
vie HY 2 pud) ol = hoTerT 3 ptl)=hjof ?
Remorbh : The tomverse “f W is open I gen era  baf is rue ﬁr"m‘ce " extensions
3. furtifuy fot
© A ring extosin RS B (s left fathflly fot of for any righl A-medde
naap Fm>n, f s iy jective & f0Is: MO B—> NSy B 15 injective.
Tt vs, B is a fat left A-module 1o e extension.
© Given tuo weps f19: MW, The Gualizer of F wd g is Ferlfyg)=
I me M /f(h)t}(h\)_}_ The @?mzf;a Wymm L—“a/v«;_ﬁf/\/ is  exeut ('7"
Imh = el 9) wid h s lufcc—&'ue.
Note Mw]:o, L—h%/"\;—p?/\/ s exuet & o—>L—>/\A£N~>0 s exuet
Q@- let K be g sub-Hopf-wlpebra of H s+. H i left o rght funfuly
ot over K, ol cuch thot HET=kTH. Let H =H/HE" pnl tonsloler
H a¢ on  H-biomodule 8 /aefvre, Then
w. k= HMT: wh
- k is a nromad %L"M:?l[*op?@bm %H,
Noee::'H[c*‘:km S KM is 4 Hopf ol of H
H s (oft YC“‘%\[“{(y fet over £, they HOK, ESeH O HOH pud
"HOk 0 @ H = Edp b .
. “ ot F.9:HoHoH st fthh=h&l, gt)=19ch, vhEH
The Wﬁmw KMH%H@FH ‘s exewt Ssice h8el = ld h & hBe| EFRk

2

let H=H/HEt  Han to oticomm H > H=2 HOH is ko el  wher



v

dhe two mups o He vpht we given by he>AOT, hi> hal, .
(By defruition, hdT =hoh, e hE HF)
: F‘ml(y, we tie those fwo ciograms together . Def""e o mhp
B L HB H — HRH , vig Xapy > X%@i

.

Nu&esz Hnis is e Galois mp stuclteyl in Cpt )
.l‘ te  well~clfmed since X% 0% i K-bilinear for powoveters X end y.
£ hos o well- clefenes  taverse, nam{; A2y > xS 8Y, | ond thus
f is bijeetive. It's ako easy o chech et KC H4H
Nete!" flopiapyy = g (xpod) = X9 SH9cT = X8k
bop(0Y) = p(XSYBeh) = XSy 8% = %oy

e s well~olefined since hbc Hef 2 l@’(( X3 hk) =0 7

2.

ke = plh)= kdp, = b B(k,~El:) ) tEW) 1, = b ®Cles)-] = kBT
Thas we hove o compn tati ve Wﬁlymm c KeeH =3 H3e H

'fJ/ " \l/g 2 Five )

- (emmg
H" > H SHoH

% exretness ond Hhe by\ahvég ({ B, we must e K- "

U&‘vj H@H gl re{nwrh‘pjl HHe arjuemwt,«ve Shtein KZwHH.
i ICO[(UWS 'foW\ 2.

Corollary . let H Le fol avd K o sub-topf-odpebra , Then K is nornef
off HET=€TH

ot H s free over K D H i futhfully flot-

Note: Free medules ond profective moslules  are Flod vmorliules.

)

Remayﬁ : ; (ot¥. wheu H i ﬁ-v‘ﬂxﬂu{lj flat over K.

2

A weore w‘ﬂm(f puestion ; whan  Hepf ichals o of form Hkf=kfy

2 oot vopetiom



©. oa,fvwf/cor\s

o The left asfjoint waction uf H on itedf ¢ given by
Po s H=> HOH  via h— hSh, @h,

T Dhe vkt asfjoint waction of H oom itself ¢ given by
G <H—HOH via h=> hdBhhy

«

"B Hop e T of H s wlled namel i bbb
Pell) EHRL el o (1) ETOH
(ot is I s or subtowookde of H wder fp ol pr)
If 1 ts womal, T HOHA s called comormal
@ sonme ol proprities
" H s o lefe H-module win Lot mfuint actin
Pf: oolg goody h th) = volg 9 Chik Sthy) = §ihk S S(s) = (Yh)y h SCgh), = odph (k)
adpd k)= 1;k-S(0) = k ,

Nete: In Cptr, H s o left H-muolle via h=H= H-spp)
* H ¢ o right H-vomodyle  vin ﬂW odjoint  psoetion.
W ReLyopth)= h® Sh)h,®h)he = Tud 2 plh)
(Zrae(ha @ Bh)hy) = h-€elh)-ethy) = h
® H o ¢ commmtntive = H s & trived left mordule via  eclp.
H s wiommntutive = H s & tnwad rylt comodule  via r.
ofc adgthyte) = hkSth) = k-hSU) = €G)R b REE, heH

Prlh) = hy @Gh Vhs = h®m)h, = hdl | Y heH.

@. iogrnms
HeaH ———> H HaH &— H |
234, T m? Zygw] Vo
HeH®H 7“?“@” Hd HIH HO HOH
et HoHeH con S50t

L4 19 HaH



W:mzo IHLeSOIHa'COA@IH /0,, IH&M"-C@.ZH°S®IH 04

(ady h)Ck) = Ik (Sh)) Pein) = by @ Bl by

(s).

ralbl: 1+ HOH/Z s o surpertive morphism of Hopt od/oebmé.

A kO H s a fryee't/we morphigm of HamL leebme,
L
K ts odp—stable © oele(H)(£) €K, te. K s @ (.e—ft H~ swbmodue via ool

& Y=cddeo(Tndt) fFoctors ’L‘hrmyh f: K Lo H

Ad{
Hed s 9{ - HOk -2 k st HdL c_» H@H 'S Lmmutative .

T
Here fihok)=hkShy , v bek, heH ([ s well-defimed {f wlyimr) <)
1. I is Pr-stable & PlI) E IDH ,ne. I is & nﬂff Homodale vin P
& §=olu)e fr factors throgh T: H-=> H/I
fr (&Y
that oo 3 5: Wiz > HagH, st H > HOH > HEDH 1S wmmutative,
-
Hore  g(R)= he 8Chby , ¥ heH (g is welldbfinel iff p1)c1H)
&:va[lagx I-lc H ¢ f\d, ten I is q /)r—sfable Hopf  olead ({f H

pr 31y
& o HeH 2 HEAH /S tommutative .

-

o ‘k@IH*
e @, H‘@H — (HL) *AHE 1S Lmmutative

—
~

g

i

'Y f/‘?*
Cl3
& (L) ¢5 on sdy=stble subtopfolielm of H”
Note: P L) HRT = ad, W)t et
e VhTeH B et/n, e sha -t WERTSK (L) =0
vxe 1, SWRSH | x> = <mf (h 8E 9s'h*), x>
= < h'ok 9ShS, A XL ®Xg >

= B x) - B0%) by (%)



=AY, X@S% > - kM)
= )% S%) k(%)
= ok, %KSKWX, >
Sinte flI)SHIL , we hawve B (%)= o0 . £
Q. 8% AME TR left — left 7
ash , OW 2B % 5 L Wovt 4 st 80
YRS, TE s?ecu[ﬂ/\‘w
O. Normad hopf teleal also arise in Hho text of offire le—groups
© (et ple)= HET, y(1)="H
et ¢ K o normed P01 a mowad
?wﬂ?fwm i ¥ f Hepf tdead of H ;

Nofe: 1t"s friviol #hat HE™ 5 o lefe H-wookde al it K i
ooly ~ stoble. However, iM's  wut sy o show thot  HE' o5
pLor pestable , H™ 15 a lef or nght  H- wmekde.

® ¢ ard ¢ e inverse bijections ?f oMoy H & cmmutative or

I\'IC e wooolicwd o c\;f H (S coommntntive.

Crf 3.5 . far“tk-fml -frzeneﬁs.

I lewwmn : let KCEC be o Galpis fa@u extensim with (gbts gronp
G, omol let H be ﬁHo?faA?ebm ey E. Asume Hud G oets m
H 05 cemilinesr gutomorphism , Then HO s @& Hopf algebra  vrer K

P pass.

2. let FLt W a Golos felol extension of Jﬁree 2. with Gulots gravp
S1,6%, let ¢ ot m 2 by 2> -2 Then G wels m 4w proup
dgebra TZ2 by ovetiva on both & avl & (et H =(CHO and
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k= (Emd)® SH. If n i oen, Hren H is nd free oer k.
i fos-
Note: Thagn H is it o free Cowodile , it stll wight be foithfull, flot
3. His free over the fo subtlgf-ugebn F of
V. k ois s

K e normed

. Cﬁﬂ\)e(“fure-
Is H olways left  owel V‘:‘}“ fm‘ﬁnﬁg fot  over K ?



