











































































































Gt crossed product

Cpt 7.3 equivalent class
l Inner action

H measures A
fh.abz.lh.cn

Mib

h IA ⼆EchlIn
The measuring is inner if there exists a convolution invertible
map u EHom H Al Suchthat for allhEC.bEBh.bzuh 1butch1

2 twistedproduct

H measures A.GE tomlHDHAwnwlutiminvertibleui
A oH is a crossed product

n
h lb 12 a hiblahki bkz

trivial 6 smash product A H
h h lb 12alhibltth.hn

trivial measuring twistedproduct A H

hah lb加1 abGCh k.IQhkz

Let A H be a crossed product st the measure of
H on A is inner via some invertible n E Hom H A

Define t H H A

hakrszikdzilhjah.kz Ulhks
Then E is a cogde and A HE AdHI a

twisted product with trivial action via

4 A H A 到 4 AeEH7 A
Hahrsaulh.hn aahrsant.hn h


























































a

i e 44 In们 4001 IA H灬

4 is an algebra map ctrivial

Moreover 4 is both a left Amodand a right Humid map

pf 404 la h 4 aulh.lah aulhiuth b a h

404 𡶐 10Guth hl autlh.lulhbh ⼆ 的1h
w

414㓝 b 14 4dlhibldhnb.cl hskD
alhib Glhkdullh3kd aLhkzh

alhib lh1211ulblt
oh4bfchiizikdzilhjah.kz

Ulhks

alhiblulhdulkiltlb.kz1 2heb
l hb ulhlbzilhzl

aulh.lbulhlt.ch 122⽇以k3

aulh.jahl lbulk.IQ122

4 a h14b 121
example
i
let A H be a smashproduct at the H aetim.is

inner via u E Agut Ali in this case we saythat
the action is strongly inner

Then A HEAD H for the wyck t becomes trivial
Ncte smash product 6 trivial

t.ch121 utlklzilhilulh.kz
2
In particular let It act on itself via the left adjoint
action Then H HEH H Gt4

Ncte h.kz adehk hkshz.rs u Ht H is analgebra map

hash



3 Main them
u
let A be an algebra and It be a Hopfalgebra with

two crossedproduct actions haa h.cn haa h.la with

respect to tuowgdeso.ci HOH A respectively

Assume that 4 A H A it is an algebra isomorphism

which is also a left A_module right Hnwmodde map
Then there exists a convolution invertible map n EHomCHA1stfor all atA h k EH

f la h auh h
h a zilhllhialul.hn

3
6Ch H tich hz.li4211 6以122 ulh4，123

3
Conversely given a map u E HomLH Al such that 2 and 3

hold then themap 4 in D is an isomorphism

if
117
Define u 1 Ain it uh 有北104ㄩ h1

1 HE A 6H
419 hl auh he 411㓝 uh m since f is an
Amodule map It's enough to showthatthe rightpartholds

Since 4 is a right H
wmodwlemap.CIA 4 h h 中加什 轴⼼ la hl KaEA htH

I applying IADEOIH to bothsides

a h IA EaIn 帕列 轴⼼ a hl

IA EaIn 421INCa hah
CLASHofa h h A HEA KDHI

hence 中 1 h IADE 0 0 1 h 2 h u lh1 m



Similarly as 中 A 6H A 6H is an homomorphism

satisfying the same hypotheses as 4 we may set
uh 1的⽔ 4 1 h and conclude us above that

4 a h aUh hz Weclaim that 0 zi For

1 h 44 1 h 4 ulhitu ulh.lvlhd h

Applying IADE on hth sides we see that ulh.lv lh uh IA
Similarly we see vlhlulhz.liEchlIA andthus m T

since f is an algebramap we have

Ila 以b 121 alhibldlhz.kjvlbk.lt

h4k34Tah4ibtlkl dvlhitlhzllb0lkFlkiDAauh h.bvlk.DECb 122 h4123

Setting a⼆⼼ we see that
G h h Vlhzh h123 ⼆Uh h vk.DECb 122 h4123

Applying IADE on bothsides

dlh.hjvlhzk.FVlhkh.vlk.DECb 122
近multiplying xu on both side

G h 12 til hi lhzizilk.DGlhs.kzulh4h

Setinga landk l we get yuu 还加4u 1 1A
lhiblvlh h ⼆ Uh habbyApplying IADE on bothsides

hi bruh vlh hi b

h b rich h b ulhsl
let 4 A H A dH 4 A我H A

Hah H auch h G h Haut hi h
The proof is similar as 7.3 1



1

Notedo Att H A H algebraisomorphism leftAmod right Hwmcid.lu丽及E 4 0 a h a uh h
h a zilhllhialul.hn
ich 121 uthjlh.li 4211 6以122 ulh4，1231

Note2 A H may not be associative with unit
4 corollary lH def.tl
Let AEB be right H deftviar.li with r川 1

Let A H and A dH be the two representations of B as
crossedproduct over A with H with two actions and cycles

6，6 as described in 223 and define n r 45 E Hom H 131

Then the cretinsandcycles are related as in 7.3.4 2 and3

Note 22.3 h a rlhilarh.l.tn
EA.hEHGCh.klrlhlrlk.ir 圸2122 Uh kEH

pf let 4 A oH B I A 8H 13

a h is aHhl a h Har'M

Let 0 4个电 A oH A i H
then is a left Amodule right tomodule and algebraic
map Thus In E HomLH Al St la h aulh.lt

hzApplgingE'mboth sides we see that

I la h I lazuli m i.e aNh aulh.ir hi

Setting a 1 gives taxi
Corollary If AEB is Itdeft then the crossedproduct of

A by H induced byB is unique
I equivalent class

let A be an algebra and It be a Hopfalgebra Two



g pl g
crossedproduct A H and A戒H are equivalent if there exists
an algebra isomorphism 4 A 6H A iH which is a left
Amodule and rightH.comodule morphism

Remark
1
Hwwmm A umm hence A is an Hmodule algebra1

equivalentclasses ofHtftf
⼀ thesecond cohomologygroup

extensions ofA by H FECH A
2 Howmm ELA GA is an Hmodule algebra

咯 equivalentclasses of Hutt thesecond cohomologygroup9
extensions of A byH

了 ⼀
FECH.EC

tDGt7.4GenerdizedMnschke
theorem and semiprime crossedproduet

I recall ri H 1 H h a rlh.la ich
1hrs I h dh.kl plhlrlklrlhz.kz1

2 let A oH be a crossed product where His f.cl semisimple
ul
Let VE AHM If WE U is a submodule which has a

complement in AM then W has a complement in A HM
21
If A is semisimple then so is A oH

Note 22 li WEU submodule 丌 V W K projection

define T Vs W averaging function
must ⼀不 Stim

z

f It EH l th tht UhEH

HI Clearly 12 follows from ui
Let 下 V W be an Aprojection and choose t Eli
with at 1 Define T V W



i
v rkt.la不 Htt 0

Ew EW Īlw Flt l TCHtzlnwl

ict.int w

WhenceT T liker Ǐ Imā Kernow Fitting1

It's enough to show that t is an AttH module
U ti ca v fit 瓦 ⽐ㄩa

Flt anther ⽐4 V zmu measuringd
V ⽐1 瓦 达州批了 V

⼼⽐⻔达 a 在1批了 以 z measuringmulti⼆⼼⽐⻔ ktnarltj.acry.li
arlty.acrltd.vn
a Em

叫 Ī cnn.io ftp.Tllrfzln.hlnVI mul 2wgde
rltcl.tl 642以孔古⼼⼀

01

T 七1642 h.l.TV lt3hzl.tl
tryna 22agd.esmu

⼆ Thirteen 下 1⽐们
2 theaunt⼆ rlhilrt.tl 下 142 0

ruling
Corollary H fd.s.si VEAonM If V is a completely reducible A_mod

it's also completelyreducible as A 从mod Theconverse is ndtrue

3 semiprimitive
A is semiprimitive if JadAko equivalently the

intersection of primitive ideals is 0
a

Note Semiprimitive t Artinian ⼆ semisimple
7
An algebra is semiprimitive 2 a faithfully completelyreducible Amid



g p f y p y
let H be fd and semisimple and A H a crossedproduet

with A semiprime Then A H is semiprimitive if the
H action on A is inner

if By 7.3.1 A 1⼗⽇ AIM since the nation is inner

A is semiprimitive 3 V a faithfully completelyreducible Amid

let Ū⼆ AeEH加V Since AtIH is a free left andright
A module and is an A b.nudude we have Ū EV as

left A modules Since V is a completely reducible A_mod SO
is Ū By2corollary Ū is a completely reducible A Hmodule

It's trivial that AeEH加V is faithful

Thus AeEH is semiprimitive

RemarkThe argument doesnot extend to A H when the action

of It on A is not inner

e.g V is completely reducible Ū is completely reducible

lake A⼆ KG.tk Xi.VE K as trivial Gmodule

Ū LA 以加V where Had on A via

Note structure of Kal H
队 ⼆点x⺠那0
ELPxlztxemlpxPylfxypx.nl11⼆点Pxz
hi xz.li 则X

let 9Pxl xEG be a basis of H then we have

1 Pg x 1 迎 x 2

⼆点还 X

x Pig
which showsthat A H is a freeright Armhole with basis



1 9
9 1 PxlXEG了 We may identify Ū LA 以加V with H
via Px 1井队 名1
Nm X 1 1 引加1 X 可为 1

x Pixy 加1
1 Ryl X 1 加1
1 Pxy孙 1

uhich means X Py⼆ Pg
This shows that as an A modde.lt is isomorphic to A

under the left regular representation of A on itself
Now if char KXIGI.lk G is not completely reducible E

Cpt 7.5 twisted H

comoddgl.ttdbealeftH wmodulealgandlet6 H2H

kst6 is convolution invertibleand
h
weak m 16 hz.kz.mu 0 h.k.JGlhkz.mg

och 1 6 1以⼆Echl

E h k MEH

The GtwistedwmodagoA is the set A as vector space

with elements written as ā foreach aEA and with multiplication

ā 5 olanbila.bg
thtn

Similarly we can define right trusted omoday where 6 is a right

wgcleiGlkz.mu
ahk.mil⼆ Glhz12216 hh.mil 叩打开

2 examples
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Note E 6 trivial twist


