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Every Cartan subalgebra of a Lie algebra g is a maximal nilpotent subalgebra of g. However, a maximal
nilpotent subalgebra of g doesn't have to be a Cartan subalgebra. For instance, if g is the Lie algebra of all
endomorphisms of k* with [f, g] = f ° g — g ° f and if h is the subalgebra of all endomorphisms f of the
form f (x, y) = (A y, 0), then h is a maximal nilpotent subalgebra of g, but not a Cartan subalgebra.

BI®.
Consider the special linear algebra 81,([F) and let no C 8[>(F) be
the subalgebra of strictly upper triangular matrices. Clearly n» is
not Cartan, since it is normalized by elements of the type

—a

maximal nilpotent. Clearly it is nilpotent (even commutative). It
remains to show that it is maximal. If i am not wrong the
normalizer of n> in 81>(F) (that i indicate with N, (n2)) is
b> N 312(F), where b, is the subalgebra of gl,(F) of upper
triangular matrices. If there is another nilpotent subalgebra

ny C §h C 81»(F), thenican find an element x € b, N § and

X & na,since ny & Ny(n2) = §h N 3l N b,. This element will
have two distinct eigenvalues (if char([F) # 2). Can i say that the
adjoint morphism ad x:§ — ) is not nilpotent? If it is so, i can
conclude by Engel's theorem that f is not nilpotent, getting a
contradiction. If what i claim is not true, how to show that n» is
maximal?

b
[g ] which don't lie in n». I would like to show that n» is



